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Abstract
We consider the 4+1 Einstein’s field equations (EFE’s) in vacuum, simplified by the assumption
that there is a four-dimensional sub-manifold on which an isometry group of dimension four acts
simply transitive. In particular we consider the Abelian group Type 4A1; and thus the emerging
homogeneous sub-space is flat. Through the use of coordinate transformations that preserve the sub-
manifold’s manifest homogeneity, a coordinate system is chosen in which the shift vector is zero. The
resulting equations remain form invariant under the action of the constant Automorphisms group.
This group is used in order to simplify the equations and obtain their complete solution space which
consists of seven families of solutions. Apart form the Kasner type all the other solutions found are,
to the best of our knowledge, new. Some of them correspond to cosmological solutions, others seem
to depend on some spatial coordinate and there are also pp-wave solutions.
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1
I Introduction
It is commonly known that the concept of symmetry possesses a fundamental role in mathematical
physics. Specifically, in the branch of general relativity, symmetry has been used in order to sim-
plify and subsequently solve (EFE’s), as were as classify the solutions, see for example [1], [2]. An
interesting example is that of the group of Automorphisms also called rigid symmetries [3]. Ashtekar
and Samuel were the first to study the group of Automorphisms from a geometric viewpoint [4].
In the case of 3+1 Bianchi Types the use of Automorphisms of three dimensional Lie algebras has
proven very useful since eventually leads to the specification of the general solution space for Bianchi
Types (I-VII) [5], [6], [7], [8]. Furthermore, the Automorphisms provide an algorithm for counting the
number of essential constants and therefore invariantly characterize the manifold at hand [9], [10], [11].
The existence of extra dimensions seems to appear in mathematical physics since the seminal
works of Kaluza and Klein [12], [13]. Their theory was a prototype for more sophisticated theories
developed in later years, such as, string theory, brane theory, supergravity, supersymmetry e.t.c.
We cite only a few articles dealing with these subjects since there are two many to include them
all [14], [15], [16], [17], [18], [19], [20], [21].
Much work has been done in the context of higher dimensional cosmology. In a paper of P. Forgacs
and Z. Horvath [22], homogeneous and isotropic universes in the presence of gauge fields and two extra
compact dimensions were studied. The idea that the properties of matter in the four-dimensional
universe can be purely described geometrically by using an extra dimension, works remarkably well
in the case of spatially flat cosmological solutions in the presence of a perfect fluid, as was shown by
Paul S. Wesson [23]. The extension of this work in general spatially FRLW cosmological solutions
was presented in [24]. Also, a class of wave-like solutions were derived in [25]. More recently, non-
separable five-dimensional solutions in which the induced four-dimensional metric has the form of
FRLW cosmology, were obtained in [26]. Alan Chodos and Steven Detweiler [27] considered a five-
dimensional extension of Kasner’s four-dimensional solution [28], [29]. This was the first attempt
to study anisotropic cosmological spaces in the presence of extra dimensions. A series of papers
concerning higher dimensional anisotropic spacetimes in Einstein’s general relativity, modifications of
it like Brans-Dicke theory and supergravity, were presented by D.Lorenz-Petzold [30], [31], [32], [33],
[34], [35], [36], [37]. The existence of chaotic solutions in some of the five-dimensional homogeneous
spacetimes was studied by Paul Halpern [38]. In the paper [39], Sigbjørn Hervik classifies the five-
dimensional cosmological models based on whether the spatial hypersurfaces are connected or simply
connected homogeneous Reimannian manifolds. Finally, some homogeneous vacuum plane wave
solutions of five-dimensional (EFE’s) are obtained in [40].
In this work, we are interested in the case of five-dimensional manifolds possessing a four-
dimensional homogeneous sub-manifold. Specifically, we will concentrate in the Type 4A1. This
enumeration can be found in the works of [41], [42]. This Type is analogous to the four-dimensional
Bianchi Type I, since all structure constants vanish and therefore the sub-manifold is flat. Thus,
the group of Automorphisms is represented by the GL(4, R) matrices. The corresponding Automor-
phisms for all the other real four-dimensional Lie algebras can be found in [10]. Eventually, the
Automorphisms will provide us a way to separate the different families of solutions to (EFE’s) and
find their solution space.
The paper’s structure is organized as follows. In section (II) an introduction to the canonical
formalism and the homogeneous manifolds is provided alongside with the 4+1 form of Einstein’s
equations. The basic idea of transformations which preserve the manifest homogeneity is reviewed
in section (III). In section (IV), everything mentioned in the previous sections is applied to the case
of Type 4A1 and the way that the constant Automorphisms can be used is presented. Two of the
solutions are presented in detail in section (V) alongside with tables with all the other solutions.
A table concerning the existence of homothetic vector fields, and additional Killing vector fields for
specific range of values of the parameters is provided. Also, a table with the invariant relations and
the number of essential constants for each family, can be found. At the end of this section some
remarks can be found about the solutions. Lastly, a discussion of the overall results is given.
2
II Canonical Formalism
In the context of canonical formalism [43] the line element of a (d + 1)-dimensional manifold M , in
a coordinate system Σ with coordinates (t, xi), i = 1, .., d, acquires the form
ds
2
(d+1) =
(
−N2 +NiN i
)
dt
2 + 2Nidx
i
dt+ γijdx
i
dx
j
, (1)
where N(t, xl), Ni(t, x
l) are the lapse function and shift vector respectively and γij(t, x
l) the metric
of the d-dimensional sub-manifold which is given by t = constant.
In the light of this, the (EFE’s) in vacuum are decomposed into the following equivalent set,
R
(d) +K2 −KijKij = 0, (Quadratic constraint) (2)
DiK −DjKij = 0, (Linear constraint) (3)
(∂t −LNi)Kij = NR(d)ij +NKKij − 2NKilKj l −DiDjN, (Dynamical equations) (4)
where R
(d)
ij , R
(d), Di are the Ricci tensor, the Ricci scalar and the covariant derivative constructed
out of γij correspondingly. Also, LNi stands for the Lie derivative along the shift vector while Kij is
the extrinsic curvature tensor given by
Kij =
1
2N
(DiNj +DjNi − ∂tγij) .
Note also that K = γijKij is the extrinsic curvature scalar.
When the manifold M admits a d-dimensional isometry group G which acts simply transitively
on the d-dimensional sub-manifold t = constant, there exists an invariant basis of one-forms {σα}
satisfying the curl relations [44]
dσ
α = −1
2
C
α
βǫσ
β ∧ σǫ ⇔ ∂iσαj − ∂jσαi = −Cαβǫσβi σǫj ,
where the Greek indices run from 1 to d and Cαβǫ are the structure constants of the Lie algebra of the
isometry group. The sub-manifold is then called homogeneous. Under this assumption, a coordinate
system (t, xi) exist such that the line element (1) acquires the manifestly homogeneous form [45]
ds
2
(d+1) =
[−N(t)2 +Nα(t)Nα(t)] dt2 + 2Nα(t)σαi (xl)dxidt+ γαβ(t)σαi (xl)σβj (xl)dxidxj, (5)
and (2), (3), (4) reduce to ordinary differential equations, with t the independent variable,
R
(d) +K2 −KαβKαβ = 0, (Q. c.) (6)
Kα
β
C
α
ǫβ −KǫβCαβα = 0, (L. c.) (7)
K˙αβ = NR
(d)
αβ − 2NKαǫKβǫ +NKKαβ −Nǫ
(
KαλC
λ
ǫβ +KλβC
λ
ǫα
)
, (D. e.) (8)
while
Kαβ = − 1
2N
(
N
ǫ
C
λ
ǫαγλβ +N
ǫ
C
λ
ǫβγλα + γ˙αβ
)
,
and
Rαβ = −1
2
C
ǫ
λα
(
C
λ
ǫβ + C
µ
νβγ
λν
γαµ
)
+
1
4
γ
µν
γ
ρσ
C
ǫ
µρC
λ
νσγαλγǫβ +
1
2
C
µ
µνγ
νρ
(
C
ǫ
ραγβǫ + C
ǫ
ρβγαǫ
)
.
III Automorphism inducing Diffeomorphisms
In the paper [46] a group of coordinate transformations was derived that satisfy the following condi-
tions:
1. Preservation of sub-manifold’s manifest homogeneity
2. They are symmetries of the equations (6),(7), (8)
3
A very brief outlined of the basic idea is as follows:
For transformations of the form
t 7→ t˜ = t,
x
i 7→ x˜i = hi(t, xl), xi = f i(t˜, x˜l),
the restrictions on the functions f i, in order to satisfy the above conditions, are summarized as follows
σ
α
i
(
x
l
)
∂xi
∂x˜m
= Λαβ
(
t˜
)
σ
β
m
(
x˜
l
)
, (9)
σ
α
i
(
x
l
)
∂xi
∂t˜m
= Pα
(
t˜
)
. (10)
The relations (9), (10) must be regarded as the definition of the matrix Λαβ and the vector P
α
respectively.
The line element (5) can then be written as
ds
2
(d+1) =
[
−N˜ (t˜)2 + N˜α (t˜) N˜α (t˜)] dt˜2 + 2N˜α (t˜)σαi (x˜l) dx˜idt˜+ γ˜αβ (t˜)σαi (x˜l)σβj (x˜l) dx˜idx˜j ,
with the abbreviations
γ˜αβ
(
t˜
)
= Λα
µ
(
t˜
)
Λβ
ν
(
t˜
)
γµν
(
t˜
)
N˜α
(
t˜
)
= Λα
µ (
t˜
) (
Nµ
(
t˜
)
+ P ν
(
t˜
)
γνµ
(
t˜
))
N˜
(
t˜
)
= N
(
t˜
)
.
(11)
The existence of local solutions to the equations (9),(10) is guaranteed by the Frobenious theorem if
the following necessary and sufficient conditions hold:
Λαµ
(
t˜
)
C
µ
βν = C
α
µσΛ
µ
β
(
t˜
)
Λσν
(
t˜
)
, (12)
Λ˙αβ
(
t˜
)
= Λµβ
(
t˜
)
C
α
µνP
ν
(
t˜
)
, (13)
where the dot stands for differentiation with respect to t. The solutions of (12),(13) form a group.
Due to the transformation of the shift vector under the previous group, we can always choose the
vector P ν such that the shift vector in the transformed system is zero. Thus, both the line element
and the (EFE’s) acquire a simpler form.
ds
2
(d+1) = −N (t)2 dt2 + γαβ(t)σαi
(
x
l
)
σ
β
j
(
x
l
)
dx
i
dx
j
,
R
(d) +K2 −KαβKαβ = 0, (Q. c.) (14)
Kα
β
C
α
ǫβ −KǫβCαβα = 0, (L. c.) (15)
K˙αβ = NR
(d)
αβ − 2NKαǫKβǫ +NKKαβ , (D. e.) (16)
while
Kαβ = − 1
2N
γ˙αβ. (17)
The above system of equations still admits the sub-group of constant Automorphisms,
ΛαµC
µ
βν = C
α
µσΛ
µ
βΛ
σ
ν ,
which can also be found as ”rigid” symmetries [3]. Given the structure constants of the group,
the matrix Λαµ is determined. The remaining non-zero elements of Λ provide the dimension of the
constant Automorphisms group.
4
IV Type 4A1
In the present work, we are interested in the case of a five-dimensional manifold with a four-
dimensional homogeneous sub-manifold of Type 4A1. The structure constants for this Type are
C
α
βµ = 0, ∀α, β, µ = 1, 2, 3, 4.
Under the previous assumption the linear constraints (15) are identically satisfied and R
(4)
αβ = 0,
R(4) = 0. Also, the Automorphisms equation is identically satisfied which implies that Λαβ∈GL(4,R).
The remaining (EFE’s) (14), (16) are
K
2 −KαβKαβ = 0, (18)
K˙αβ + 2NKαǫKβ
ǫ −NKKαβ = 0. (19)
By using (17) and the gauge choice N =
√
Det(γ) the dynamical equations (19) are integrated
∂t (γ
αρ
γ˙ρβ) = 0⇒ γ˙αβ = θµαγβµ or in matrix form γ˙ = θT γ, (20)
where θµα is some constant matrix.
On the other hand, the quadratic constraint (18) becomes a relation for the θ matrix.
Tr(θ2)− (Tr(θ))2 = 0.
The solution of (20) is
γ = etθ
T
c,
where c is some real, constant matrix corresponding to the value of γ at t = 0.
The matrix θ has 16 constant elements, thus calculating the exponential is quite difficult. This is the
point where we can use the rigid symmetries in order to simplify it.
The action of constant Automorphisms on γ is
γ = ΛT γ˜Λ.
If we use it in (20), the following equation holds
˙˜γ = θ˜T γ˜,
if and only if θ transforms as follows
θ˜
T =
(
ΛT
)−1
θ
TΛT .
Since Λ ∈GL(4,R) the degree of simplification that can be achieved for the matrix θ depends upon
it’s eigenvalues. In the light of this, there are families of different solutions which altogether form
the complete space of vacuum solutions for the Type 4A1. When there are only real eigenvalues the
θ matrix transforms into it’s Jordan canonical form, while when complex eigenvalues exist, acquires
it’s canonical rational form. A table is presented with all the possible cases and the form of the θ
matrix in each one of them.
5
Eigenvalues Form of the matrix
Four real and different eigenvalues θ =


p1 0 0 0
0 p2 0 0
0 0 p3 0
0 0 0 p4


Four real eigenvalues with two of them equal θ =


p1 0 0 0
0 p2 0 0
0 0 p3 1
0 0 0 p3


Four real eigenvalues with three of them equal θ =


p1 0 0 0
0 p2 1 0
0 0 p2 1
0 0 0 p2


Four real and equal eigenvalues θ =


p1 1 0 0
0 p1 1 0
0 0 p1 1
0 0 0 p1


Two, real, different and two complex conjugate eigenvalues θ =


p1 0 0 0
0 p2 0 0
0 0 p3 p4
0 0 −p4 p3


Two, real, equal and two complex conjugate eigenvalues θ =


p1 1 0 0
0 p1 0 0
0 0 p2 p3
0 0 −p3 p2


Two pairs of complex conjugate eigenvalues θ =


p1 p2 0 0
−p2 p1 0 0
0 0 p3 p4
0 0 −p4 p3


6
V Solutions
We present the detail calculations concerning only two of the seven different families of solutions.
V.1 Four, real eigenvalues with two of them equal
In this case the matrix θ is transformed into it’s Jordan canonical form
θ =


p1 0 0 0
0 p2 0 0
0 0 p3 1
0 0 0 p3


,
with pi, (i = 1, 2, 3) the eigenvalues. The four-dimensional line element becomes
ds
2
(4) = k1e
p1tdx
2 + k2e
p2tdy
2 + 2k3e
p3tdz dw + (k4 + k3t) e
p3tdw
2
,
while the quadratic constraint reduces to
p1p2 + 2p1p3 + 2p2p3 + p
2
3 = 0. (21)
From (21) we observe that the restriction (p3 6= 0) is required, otherwise it would lead to either
(p1 = 0) or (p2 = 0), which would contradict our original statement (p1 6= p2 6= p3) implied in this
section. If we divide the constraint by p23 and form the ratios of the eigenvalues
(
α = p1
p3
, β = p2
p3
)
the equation becomes
1 + 2α+ 2β + αβ = 0. (22)
For a vacuum solution we solve (22) with respect to one of the constants, let us choose α.
α = −1 + 2β
2 + β
.
For the branch (β = −2), the constraint equation would be (−3 = 0, ∀α) which is invalid. Also we
exclude the values
(
β1 = −2−
√
3, β2 = −2 +
√
3
)
because they lead to (α = β). Altogether we have
the following restrictions on the values of the ratio
β ∈ R−
{
−2,−2 + ǫ
√
3
}
,
where the symbol ǫ stands for ǫ = ±1 and will be used from now on wherever is needed. The
five-dimensional metric acquires the form
ds
2
(5) = k1k2k
2
3e
φ3p3tdt
2 + k1e
φ4p3tdx
2 + k2e
βp3tdy
2 + 2k3e
p3tdz dw + (k4 + k3t) e
p3tdw
2
,
where
(
φ3 =
3+2β+β2
2+β
, φ4 = − 1+2β2+β
)
. The eigenvalues of this metric are
λµ =
(
k1k2k
2
3e
φ3p3t, k1e
φ4p3t, k2e
βp3t, λ4, λ5
)
,
with
λ4 =
1
2
e
p3t
(
k4 + k3t−
√
k24 + 2k3k4t+ k
2
3 (4 + t
2)
)
,
λ5 =
1
2
e
p3t
(
k4 + k3t+
√
k24 + 2k3k4t+ k
2
3 (4 + t
2)
)
.
The signs of (k3, k4) affect only the eigenvalues (λ4, λ5), but always one is positive and the other is
negative (∀t ∈ R). Overall, the signature of the metric depends only on the signs of (k1, k2). Only
one case will be presented.
7
V.1.1 ki > 0, ∀ (i = 1, 2)
By performing a real coordinate transformation and a redefinition of p3,
t =
t˜
p3
, x =
√
k2k3
p3
x˜, y =
√
k1k3
p3
y˜, z =
√
k1k2
k3
1
2p
3/2
3
(k4p3w˜ − 2k3z˜) , w = −
√
k1k2k3
p3
w˜,
p3 =
√
k1k2
m
k3,
the five-dimensional line element becomes
ds
2
(5) = e
φ3tdt
2 + eφ4tdx2 + eβtdy2 + 2etdz dw + t etdw2,
where the constant m appearing in the redefinition of p3, was absorbed due to the existence of the
homothetic vector field
ξh =
[
1,
2 + β
2
x,
3y
4 + 2β
,
z
(
1 + β + β2
)−w (2 + β)
2 (2 + β)
,
w
(
1 + β + β2
)
2 (2 + β)
]
.
Signature:
In order to adjudicate for the signature of this non-diagonal metric we have to find it’s eigenvalues
λµ =
[
e
φ3t, e
φ4t, e
βt
,
1
2
e
t
(
t−
√
4 + t2
)
,
1
2
e
t
(
t+
√
4 + t2
)]
.
It is easy to see that (λ4 < 0, ∀t ∈ R) while all the others are positive. The signature is Lorentzian
s= (1, 4) and the coordinate with the ”time” character is either z or w.
AKVF:
This solution admits additional Killing vector fields for specific values of the ratios.
α β ξ5
1 −1 (0, w, 0,−x, 0)
−1 1 (0, 0, w,−y, 0)
V.2 Two, real, equal and two complex conjugate eigenvalues
The matrix θ transforms into it’s canonical rational form
θ =


p1 1 0 0
0 p1 0 0
0 0 p2 p3
0 0 −p3 p2


,
with (p2, p3) the real and imaginary parts of the complex eigenvalues correspondingly. The four-
dimensional line element is
ds
2
(4) = 2k1e
p1tdx dy + (k2 + k1t) e
p1tdy
2 + ep2t [k3 cos(p3t) + k4 sin(p3t)]
(−dz2 + dw2)
+2ep2t [k4 cos(p3t)− k3 sin(p3t)]dz dw,
and the quadratic constraint reads
p
2
1 + 4p1p2 + p
2
2 + p
2
3 = 0. (23)
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The imaginary part of the complex eigenvalue has to be different from zero, p3 6= 0. If we divide (23)
with p23 the ratios are formed,
(
α = p1
p3
, β = p2
p3
)
.
1 + α2 + 4αβ + β2 = 0. (24)
For vacuum solutions we choose to solve (24) with respect to α.
α = −2β + ǫ
√
−1 + 3β2, β ∈ R−
(
− 1√
3
,
1√
3
)
.
This restriction on the ratio β was imposed because α has to be real. Also, the values for which
(α = β) are rejected.
−2β + ǫ
√
−1 + 3β2 = β ⇔
β = i
ǫ√
6
.
This relation is already satisfied.
The five-dimensional line element is
ds
2
(5) = −k21
(
k
2
3 + k
2
4
)
e
φ7p3tdt
2 + 2k1e
φ8p3tdx dy + (k2 + k1t) e
φ8p3tdy
2
+eβp3t [k3 cos (p3t) + k4 sin (p3t)]
(−dz2 + dw2)+ 2eβp3t [k4 cos (p3t)− k3 sin (p3t)] dz dw,
where
(
φ7 = −2β + 2ǫ
√
−1 + 3β2, φ8 = −2β + ǫ
√
−1 + 3β2
)
and it’s eigenvalues
λµ =
[
−k21
(
k
2
3 + k
2
4
)
e
φ7p3t, λ2, λ3,−
√
k23 + k
2
4e
βp3t,
√
k23 + k
2
4e
βp3t
]
,
with
λ2 =
1
2
e
φ8p3t
(
k2 + k1t−
√
k22 + 2k1k2t+ k
2
1 (4 + t
2)
)
,
λ3 =
1
2
e
φ8p3t
(
k2 + k1t+
√
k22 + 2k1k2t+ k
2
1 (4 + t
2)
)
.
The eigenvalues (λ2, λ3) depend on the signs of (k1, k2), but always one is positive and the other is
negative, so they don’t affect the signature of the metric. Also, it is easy to observe that neither
(k3, k4) affect the signature. Therefore, there is only one case. With the coordinate transformation
and the redefinition of p3
t =
t˜
p3
, x = −
√
k23 + k
2
4
k1
1
2p
3/2
3
(2k1x˜+ k2p3y˜) , y =
√
k1 (k23 + k
2
4)
p3
y˜,
z =
k1
[
−k4w˜ +
(
−k3 +
√
k23 + k
2
4
)
z˜
]
√
2
(
−k3 +
√
k23 + k
2
4
)
p3
, w =
k1
[
k4z˜ +
(
−k3 +
√
k23 + k
2
4
)
w˜
]
√
2
(
−k3 +
√
k23 + k
2
4
)
p3
,
p3 =
√
k21
k23 + k
2
4
m
,
the line element simplifies to
ds
2
(5) = −eφ7tdt2 − 2eφ8tdx dy + teφ8tdy2 + cos t eβt
(
dz
2 − dw2)+ 2 sin t eβtdz dw,
with homothetic vector field
ξh =
(
1,
y + ǫx
√
−1 + 3β2
2
,
ǫy
√
−1 + 3β2
2
, ξh4, ξh5
)
,
ξh4 = −w + 3βz − 2zǫ
√
−1 + 3β2
2
,
ξh5 =
z − 3βw + 2wǫ
√
−1 + 3β2
2
.
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Signature:
The eigenvalues are
λµ =
(
−eφ7t, t−
√
4 + t2
2
e
φ8t,
t+
√
4 + t2
2
e
φ8t, e
βt
,−eβt
)
.
The signature is s= (3, 2) with ”time” coordinates either (t, x,w) or (y, z).
AKVF:
For
(
α = − ǫ√
2
, β = ǫ√
2
)
the AKVF is
ξ5 =
(
1,
y + ǫ√
2
x
2
,
ǫy
2
√
2
,−2w + ǫz
√
2
4
,
2z − ǫw√2
4
)
.
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At this point we present the seven tables corresponding to the seven families of solutions. Also,
a table in which for every solution the additional Killing vector fields (AKVF) and the homothetic
field can be found. Finally, a table concerning the invariant relations and the number of essential
constants for each family is given.
V.3 Tables
Four, real and different eigenvalues
Name of solution Line element Signature/”Time” coordinate(s)
s1 ds
2
(5) = −eφ1tdt2 + etdx2 + eφ2tdy2 + eβtdz2 + eγtdw2 (1, 4) / t
s2 ds
2
(5) = e
φ1tdt2 + etdx2 + eφ2tdy2 + eβtdz2 − eγtdw2 (1, 4) /w
s3 ds
2
(5) = −eφ1tdt2 + etdx2 + eφ2tdy2 − eβtdz2 − eγtdw2 (3, 2) / (t, z, w) or (x, y)
s4 ds
2
(5) = e
φ1tdt2 + etdx2 − eφ2tdy2 − eβtdz2 − eγtdw2 (3, 2) / (y, z, w) or (t, x)
s5 ds
2
(5) = −
(
eφ1tdt2 + etdx2 + eφ2tdy2 + eβtdz2 + eγtdw2
)
(0, 5) / none
Table 1: The following abbreviations were used
(
φ1 =
1+β+γ+βγ+β2+γ2
1+β+γ , φ2 = −β+γ+βγ1+β+γ
)
. The restric-
tions on the ratios of the eigenvalues are
(
β 6=
{
−1− γ,−1− γ + ǫ
√
γ2 + γ + 1,− γ(2+γ)1+2γ
}
, ∀γ ∈ R− {− 12
})
.
Four, real eigenvalues with two of them equal
Name of solution Line element Signature/”Time” coordinate(s)
s6 ds
2
(5) = e
φ3tdt2 + eφ4tdx2 + eβtdy2 + 2etdz dw + t etdw2 (1, 4) / z or w
s7 ds
2
(5) = −eφ3tdt2 + eφ4tdx2 − eβtdy2 + 2etdz dw + t etdw2 (3, 2) / (t, y, z)or(x, z)
s8 ds
2
(5) = e
φ3tdt2 − eφ3tdx2 − eβtdy2 + 2etdz dw + t etdw2 (3, 2) / (x, y, z)or(t, z)
Table 2: The following abbreviations were used
(
φ3 =
3+2β+β2
2+β , φ4 = − 1+2β2+β
)
. The restrictions on the
ratio of the eigenvalues are β ∈ R− {−2,−2 + ǫ√3}.
Four, real eigenvalues with three of them equal
Name of solution Line element Signature/”Time” coordinate(s)
s9 ds
2
(5) = e
(1+3α)tdt2 + etdx2 + 2eαtdy dw + eαtdz2 + 2t eαtdz dw + 12 t
2eαtdw2 (1, 4) / y
s10 ds
2
(5) = −e(1+3α)tdt2 + etdx2 − 2eαtdy dw − eαtdz2 + 2t eαtdz dw − 12 t2eαtdw2 (3, 2) / (t, z, w)or(x, y)
s11 ds
2
(5) = e
(1+3α)tdt2 − etdx2 − 2eαtdy dw − eαtdz2 + 2t eαtdz dw − 12 t2eαtdw2 (3, 2) / (x, z, w) or (t, y)
Table 3: There are only two possible values for the ratio of the eigenvalues for which we acquire a vacuum
solution, (α = 0 ora = −1).
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Four, real and equal eigenvalues
Name of solution Line element Signature/”Time” coordinate(s)
s12 ds
2
(5) = −dt2 − 2dx dw − 2dy dz − 2t dy dw + t dz2 + t2dz dw + t
3
6 dw
2 (3, 2) / (t, z, w)or(x, y)
s13 ds
2
(5) = −
(
dt2 + 2dx dw + 2dy dz + 2t dy dw + t dz2 + t2dz dw + t
3
6 dw
2
)
(3, 2) / (x, z, w)or(t, y)
Table 4:
Two, real, different and two complex conjugate eigenvalues
Name of solution Line element Signature/”Time” coordinate(s)
s14 ds
2
(5) = e
φ5tdt2 + eφ6tdx2 + eβtdy2 + cos t eγt
(
dz2 − dw2)+ 2 sin t eγtdz dw (1, 4) /w
s15 ds
2
(5) = −eφ5tdt2 + eφ6tdx2 − eβtdy2 + cos t eγt
(
dz2 − dw2)+ 2 sin t eγtdz dw (3, 2) / (t, y, w)or(x, z)
s16 ds
2
(5) = e
φ5tdt2 − eφ6tdx2 − eβtdy2 + cos t eγt (dz2 − dw2)+ 2 sin t eγtdz dw (3, 2) / (x, y, w) or (t, z)
s17 ds
2
(5) = e
αt
(
dt2 + dx2
)
+ e
− 2ǫ√
3
t
dy2 + cos t e
ǫ√
3
t (
dz2 − dw2)+ 2 sin t e ǫ√3 tdz dw (1, 4) /w
s18 ds
2
(5) = e
αt
(−dt2 + dx2)− e− 2ǫ√3 tdy2 + cos t e ǫ√3 t (dz2 − dw2)+ 2 sin t e ǫ√3 tdz dw (3, 2) / (t, y, w)or(x, z)
s19 ds
2
(5) = e
αt
(
dt2 − dx2)− e− 2ǫ√3 tdy2 + cos t e ǫ√3 t (dz2 − dw2)+ 2 sin t e ǫ√3 tdz dw (3, 2) / (x, y, w)or(t, z)
Table 5: The following abbreviations were used
(
φ5 =
−1+β2+2βγ+3γ2
β+2γ , φ6 = − 1+2βγ+γ
2
β+2γ
)
. The restric-
tions on the ratios of the eigenvalues are β∈R−
{
−2γ,−2γ + ǫ
√
−1 + 3γ2,− 1+3γ23γ
}
,∀γ ∈ R−
(
− 1√
3
, 1√
3
)
,
α ∈ R.
Two, real, equal and two complex conjugate eigenvalues
Name of solution Line element Signature/”Time” coordinate(s)
s20 ds
2
(5) = −eφ7tdt2 − 2eφ8tdx dy + teφ8tdy2 + cos t eβt
(
dz2 − dw2)+ 2 sin t eβtdz dw (3, 2) / (t, x, w)or(y, z)
Table 6: The following abbreviations were used
(
φ7 = −2β + 2ǫ
√
−1 + 3β2, φ8 = −2β + ǫ
√
−1 + 3β2
)
.
The restrictions on the ratios of the eigenvalues are β ∈ R−
(
− 1√
3
, 1√
3
)
.
Two pairs of complex conjugate eigenvalues
Name of solution Line element Signature/”Time” coordinate(s)
s21 ds
2
(5) = −eφ9tdt2 + cos (βt) eφ10t
(
dx2 − dy2)+ 2 sin (βt) eφ10tdx dy + 2 sin t eγtdz dw + cos t eγt (dz2 − dw2) (3, 2) / (t, y, w)or(x, z)
Table 7: The following abbreviations were used
(
φ9 = −2γ + 2ǫ
√
−1− β2 + 3γ2, φ10 = −2γ + ǫ
√
−1− β2 + 3γ2
)
.
The restrictions on the ratios of the eigenvalues are β ∈
(
−
√
−1 + 3γ2,
√
−1 + 3γ2
)
−
{
1
2
(
−2γ + ǫ
√
−2 + 2γ2
)}
,
γ ∈ R−
(
− 1√
3
, 1√
3
)
.
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S AKVF/Values for which these appear Homothetic field
s1
(0,−y, x, 0, 0)/α = 1, β = − 1+2γ
2+γ
, γ = R− {−2,−1, 1}
(0,−z, 0, x, 0)/α = − 1+2γ
2+γ
,β = 1, γ = R− {−2,−1, 1}
(0,−w, 0, 0, x)/α = − 1+2β
2+β
,β = R− {−2,−1, 1}, γ = 1
s2
same as s1
same as s1
(0, w, 0, 0, x)/α = − 1+2β
2+β
,β = R− {−2,−1, 1}, γ = 1
s3
same as s1
(0, z, 0, x, 0)/α = − 1+2γ
2+γ
,β = 1, γ = R− {−2,−1, 1}
[
1, β
2+γ2+βγ
2(1+β+γ)
x,
y(1+β+γ)
2
,
z(1+γ+γ2)
2(1+β+γ)
,
w(1+β+β2)
2(1+β+γ)
]
same as s2
s4
(0, y, x, 0, 0)/α = 1, β = − 1+2γ
2+γ
, γ = R− {−2,−1, 1}
same as s3
same as s2
s5
same as s1
same as s1
same as s1
s6
(0, w, 0,−x, 0)/α = 1,β = −1
(0, 0, w,−y, 0)/α = −1, β = 1
s7
same as s6
[
1, 2+β
2
x, 3y
4+2β
,
z(1+β+β2)−w(2+β)
2(2+β)
,
w(1+β+β2)
2(2+β)
]
(0, 0, w, y, 0)/α = −1, β = 1
s8
(0, w, 0, x, 0)/α = 1,β = −1
same as s7
s9 none additional Killing vector field
s10 none additional Killing vector field
[
1, 3α
2
x,
(y−z+2αy)
2
,
(−w+z+2αz)
2
, 1+2α
2
w
]
s11 none additional Killing vector field
s12
(
1,− y
2
, z
2
,−w
2
, 0
) (
t, 5x
2
, 3y
2
, z
2
,−w
2
)
s13
(
1,− y
2
,− z
2
,−w
2
, 0
)
s14
s15
[
1,
x
(
γ+ǫ
√
1−2γ2
)
2
,
y
(
γ−ǫ
√
1−2γ2
)
2
,−w+zγ
2
, z−wγ
2
]
/
[
1, β+2γ
2
x, −1+3γ
2
2(β+2γ)
y, ξh4, ξh5
]
α =
−1+γ2−2ǫγ
√
1−2γ2
γ+ǫ
√
1−2γ2
ξh4 =
−w(β+2γ)+z(−1+β2+βγ+γ2)
2(β+2γ)
β = −γ + ǫ
√
1− 2γ2 ξh5 = z(β+2γ)+w(−1+β
2+βγ+γ2)
2(β+2γ)
− 1√
2
< γ < 1√
2
s16
13
S AKVF/Values for which these appear Homothetic field
s17 (
1, 0, y
√
3α+2ǫ
2
√
3
, 3αz−3w−ǫz
√
3
6
, 3αw+3z−ǫw
√
3
6
)
s18
(
1, 0, ǫy√
3
,− 3w+ǫz
√
3
6
, 3z−ǫw
√
3
6
)
/α = 0
s19
s20
(
1,
√
2y+ǫx
2
√
2
, ǫy
2
√
2
,− 2w+ǫz
√
2
4
, 2z−ǫw
√
2
4
)
/
(
1,
y+ǫx
√
−1+3β2
2
,
ǫy
√
−1+3β2
2
, ξh4, ξh5
)
(
α = − ǫ√
2
, β = ǫ√
2
)
ξh4 = −w+3βz−2zǫ
√
−1+3β2
2
, ξh5 =
z−3βw+2wǫ
√
−1+3β2
2
s21
(
1,
|γ|x−y
√
−1+2γ2
2
,
|γ|y+x
√
−1+2γ2
2
, ξ4, ξ5
) (
1,
−βy+ǫx
√
−1−β2+3γ2
2
,
βx+ǫy
√
−1−β2+3γ2
2
, ξh4, ξh5
)
ξ4 = −w2 + z
(− 3γ
2
+ |γ|), ξ5 = z2 +w (− 3γ2 + |γ|)/ ξh4 = −w2 − 3γz2 + ǫz√−1− β2 + 3γ2
α = −2γ + ǫ|γ|, β = ǫ
√
−1 + 2γ2 ξh5 = z2 − 3γw2 + ǫw
√
−1− β2 + 3γ2
γ ∈ R−
(
− 1√
3
, 1√
3
)
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S Invariant relations Number of essential constants
s1-s5
Q
K5/2
= f1 (β, γ),
W
K3/2
= f2 (β, γ) 2
s6-s8
Q
K5/2
= f3 (β) 1
s9-s11/α = −1 QK5/2 = 16
√
2
3 0
s9-s11/α = 0 None 0
s12-s13 None 0
s14-s16
Q
K5/2
= f4 (β, γ),
W
K3/2
= f5 (β, γ) 2
s17-s19
Q
K5/2
= 2× 31/4α3/2 1
s20
Q
K5/2
= f6 (β) 1
s21
Q
K5/2
= f7 (β, γ),
W
K3/2
= f8 (β, γ) 2
Table 8: We used the abbreviations K = RµνσρRµνσρ, Q = g
µν∇µK∇νK, W = ∇λRµνσρ∇λRµνσρ.
V.4 Remarks
Some remarks concerning the solutions found are noteworthy.
1. To the best of our knowledge, only the first family of solutions is known. This corresponds to
the five-dimensional Kasner Type [28], [29].
2. For the solutions s1-s5 there is the possibility to choose either of the ratios to be equal to zero,
suppose γ = 0. These represent the four-dimensional Kasner solutions [28], [29] embedded in a
five-dimensional manifold.
3. In the case of (s9, s10, s11), for one of the two possible values of the ratio (α = 0), the Killing
vector field (ξ = ∂y) satisfies the following properties,
ξµξ
µ = 0,
∇µξν = 0.
This is the definition of pp-waves [47] which are solutions to (EFE’s), representing strong grav-
itational waves propagating along null trajectories, generated by some null vector field. In our
case this field is ξ = ∂y.
4. The solutions (s12, s13) are also pp-waves, with (ξ = ∂x) being the null vector field.
5. When it comes to pp-wave solutions there are no invariant relations and this is due to the fact
that all the curvature scalars are zero. Therefore, in these solutions the method of curvature
invariants cannot be used in order to adjudicate whether or not a constant is essential. Another
method can be found in [48]. In our case of course there are no constants in the pp-wave line
elements and so there is no need to apply this method.
VI Discussion
As we have seen, the group of transformations that preserve the sub-manifold’s manifest homogeneity
provides us with a way to put the shift vector equal to zero without doing it a priori. Also, we use
the gauge freedom of choosing the lapse function in order to simplify further the (EFE’s). The
task of finding the explicit form of the general solution of the simplified (EFE’s) remained difficult
even in the simple case of Type 4A1. The use of the remaining symmetry, consisting of the group
of constant Automorphisms, allowed us to overcome this difficulty. This was due to the fact that
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the solution space was broken down into different families of solutions with the aid of the constant
Automorphisms. By this procedure, we were able to find out all the known solutions as well as all the
possible new, to the best of our knowledge. Of course, the solutions found span the entire space-time
metrics with non-zero shift and arbitrary lapse; one only has to invert the transformations (11) which
enable us to reduce the initial metric to the form which has been used for the subsequent finding of
the solutions.
For the future, we aim to use this method in the rest of the five-dimensional manifolds which
admit a homogeneous sub-manifold of dimension four, where the group of constant Automorphisms
has a lower dimension. Also a matter content may be included. Finally, as expected, in every solution
the t= constant hyper-surfaces are flat. It is worth observing that this is not true in general if we
choose any other of the coordinates to be constant. It would be interesting to investigate if any of
the non-flat hyper-surfaces of dimension four are solutions to the four-dimensional (EFE’s), probably
coupled to some appropriate matter content.
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